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We study the problem of covering or packing a finite group with subgroups of a
specified order and obtain bounds on the size of such covers and packings. Our
main results provide characterizations of the elementary abelian groups by the
existence of large packings or small covers, respectively. Hence large packings and
small covers can be thought of as geometric objects: they correspond to large
Ž .partial t-spreads and small t-covers of a suitable projective space PG d, p for
some prime p. We shall also exhibit some series of examples which show that our
bounds are reasonable.  2001 Academic Press
1. INTRODUCTION
Packing finite projective spaces with disjoint subspaces has for many
years been a topic of considerable interest in Galois geometry. In particu-
lar, one studies partial t-spreads, that is, collections of pairwise disjoint
Ž .t-dimensional subspaces in a space PG d, q . In spite of considerable
effort, the fundamental question of determining the maximal size of a
partial t-spread is still not settled in general. In contrast, the dual problem
of the minimal size of t-coers, that is, minimal collections of t-dimen-
Ž .sional subspaces covering PG d, q is solved. The following result is one of
   Beutelspacher 5 , who found the lower bound, and Eisfeld 13 , who gave
the structural characterisation for the case of equality.
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Ž . Ž .Result 1.1. Let C be a t-cover of PG d, q , and write d a t 1  b,
  b1Ž Ža1.Ž t1. 2Ž t1. t1 .where 0 b t. Then C 	 q q  q  q  1
 1, and a t-cover of this size always exists. Moreover, in the case of
equality, there exists a subspace U of dimension t b 1 such that:
Ž .a Each point not in U is in exactly one component of C.
Ž . b1 Žb Each point of U is in exactly q  1 components of C. Note
.that the subspace U is empty if b t; thus C is a t-spread in this case.
Problems that have generated a lot of interest are those of maximal
partial spreads, that is, maximal collections of pairwise skew lines of a
Ž .three-dimensional space PG 3, q , and, dually, minimal line coers, that is,
Ž .minimal collections of lines covering PG 3, q . We refer the reader to
 Hirschfeld 17 for background on maximal partial spreads. Small minimal
 line covers have been studied in the recent work of Blokhuis et al. 7 .
Ž .By interpreting a partial t-spread in PG 2 t 1, q as a collection of
Ž . Ž .t 1 -dimensional subspaces of the vector space V 2 t 2, q , one ob-
Ž .tains a special type of partial congruence partition PCP . In general, a PCP
Ž .with parameters s, r is a collection of pairwise disjoint subgroups
2  4U , . . . , U of order s of a group G of order s , that is, U 
U  1 or,1 r i j
Žequivalently, U U G, whenever i j we write groups multiplicativelyi j
.and denote the unit element by 1 . The importance of this concept is that
   PCP’s are equivalent to translation nets; see Jungnickel 19 or 3 . The
geometric examples just discussed show that the elementary abelian groups
Ž 2 .EA s always admit a PCP with r s 1; it is well known that these
 congruence partitions in the sense of Andre 1 describe translation planes.´
 By a result of 20 , a PCP in a non-elementary abelian group has a
comparatively large deficiency d.
'Result 1.2. Let U be a PCP with deficiency d s  1 in a group G
of order s2, where s 2, 4. Then G is necessarily an elementary abelian
group.
In other words, PCP’s with small deficiency are geometric; that is, they
Ž .belong to a partial t-spread in a suitable projective space PG 2 t 1, p . In
 22 , the first author proved an analogous result for t-covers by introducing
the notion of a congruence coer of excess e of a group G of square order
s2. This is a collection of subgroups U , . . . , U of order s, the union of1 r
which is all of G, where r s 1 e. The following result shows that
congruence covers with small excess are likewise geometric; that is, they
Ž .belong to a t-cover of a suitable projective space PG 2 t 1, p .
Result 1.3. Any group of square order s2 which admits a congruence
cover of excess at most p 2, where p is the smallest prime divisor of s, is
necessarily elementary abelian.
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It was also shown that the bound given there is essentially best possible;
indeed, there exists a congruence cover of excess p in a suitable non-ele-
mentary abelian group whenever s is a proper prime power.
In the present article, we study the more general problem of covering or
packing a finite group G with subgroups of a specified order s. If we are
looking for a collection S of subgroups of order s such that every element
of G is contained in at least one member of S , we call S an s-coer of
G; and if we require the elements of S to be mutually disjoint, we speak
of an s-packing of G.
Our main results include Theorem 3.2 in which we give a strong
improvement to the trivial upper bound for the size of pt-packings in
abelian, but not elementary abelian, p-groups. We also include a new
Ž .upper bound making more use of the group structure of G Theorem 3.4 .
The two previously mentioned bounds are then used to find lower bounds
on the excesses of pt-covers in abelian, but not elementary abelian,
Ž .p-groups Theorem 4.1 . All these theorems then provide us with charac-
terizations of elementary abelian groups within the class of abelian p-
groups as those groups having large packings and small covers.
We then concentrate on the construction of pt-packings and pt-covers
in abelian groups. We show in Section 5 that the construction of pt-pack-
ings in abelian p-groups, p prime, is closely linked to that of packings in
elementary abelian groups.
In Section 6, we present an upper bound on the size of pt-covers in
p-groups. To check the sharpness of this upper bound, in Section 7, we
td Ž N .dstudy in detail p -covers of C  EA p showing that this upperp
bound is of the correct magnitude when d 2. This section is also
intended to show where the problems lie in the construction of small
covers and how, for certain classes of groups, these problems can be
confronted.
Namely, in the abelian group G C d   C d , d 	 d 	  	1 Np p 1 2
d , if an element is covered by a group, then all its multiples are alsoN
covered. So, the elements of maximal order in G should first of all be
covered. But an element of G can be a multiple of different elements of
higher order, thus leading to excess points for the cover, and this must be
minimalized. Furthermore, G can have different types of groups of order
pt. Which types of subgroups of order pt give the smallest pt-covers?
These two problems are the main difficulties in determining the exact
t Ž N .dminimal size of such a p -cover. For the groups C  EA p , it isp
possible to keep these problems under control; thus leading to the exact
covering number. We also present in Theorems 7.4 and 7.5 results on the
structure of the set of excess points of the smallest ptd-covers of
Ž N .dC  EA p .p
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These groups studied in Section 7 are groups with small Frattini sub-
group. In Section 8, we present constructions of covers in groups of type
Ž .Nr rdC  C , having large Frattini subgroup. Also here, it is possible top p
select the groups in such a way that optimal, or small, covers are con-
structed.
We note that the problem of covering groups by subgroups has found
interest for many years. The first references we are aware of are two 1954
  Ž .papers of Neumann 23, 24 , where the number of abelian subgroups
Ž .needed to cover a not necessarily finite group G is studied in relation to
Ž .the index of their intersection resp. the index of the centre of G . It
seems, however, that our precise problem has not been studied before. The
previous literature either considers the more general situation where the
Ž .subgroups in a cover can be arbitrary with no restriction on their order ;
 see, e.g., 11, 15, 27 ; or the more specific question, where the subgroups
Žused not only have the same order but need to be isomorphic perhaps
.  even under an automorphism of the entire group G ; see, e.g., 8, 25 . In
view of the geometric background provided above, it seems natural to
study also the intermediate problem considered in the present paper.
2. PRELIMINARY RESULTS ON COVERS
The general topic of s-covers of a finite group was briefly mentioned in
 the first author’s paper 22 , as some basic results on this topic were
required for constructing the examples of small congruence covers men-
tioned above. We begin by recalling the following simple but fundamental
observation which was obtained in the previous paper.
PROPOSITION 2.1. Let G be a group of order  , and let s be a diisor of  .
If G admits an s-coer, then exp G diides s. Moreoer, this necessary
condition is also sufficient when G is nilpotent.
Given a group G which admits an s-cover, we will denote the smallest
Ž .cardinality of such a cover by  G, s ; similarly, we will denote the largest
Ž .cardinality of an s-packing of G by  G, s . We restrict our attention to
the case of irredundant covers; that is, we will usually assume that all the
subgroups in a cover of some group G are actually needed to cover all the
elements of G. Then one has the following result due to Haber and
 Rosenfeld 15 .
Result 2.2. Let G be a finite group of order n, and let p be the
smallest prime divisor of n. Then every cover of G by non-trivial sub-
groups contains at least p 1 elements.
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Note that Result 2.2 is best possible. For instance,    can bep p
covered by its p 1 subgroups of order p. We will later obtain similar but
stronger results for s-covers. We now quote a result concerning covers by
 arbitrary subgroups, namely the following theorem due to Tomkinson 27 .
Result 2.3. Let G be a finite soluble group of order n. Then the
smallest cardinality of a cover of G by non-trivial subgroups is of the form
pa 1 for some prime divisor p of n.
Ž .The general problem of determining the coering numbers  G, s and
Ž .the packing numbers  G, s seems to be quite difficult. Note that Result
1.1 solves the covering problem for the class of elementary abelian groups.
Let us give the translation of this result into the notation just introduced.
Ž d .Result 2.4. Let G be the elementary abelian group EA p of order
pd, and write d at b, where 1 b t. Then
 G , pt  pb pŽa1. t p2 t pt 1  1. 1Ž .Ž . Ž .
Ž t. tMoreover, if C is a cover of G by  G, p subgroups of order p , then
there exists a subgroup U of order ptb such that:
Ž .a Each element not in U is in exactly one component of C.
Ž . bb Each non-identity element of U is in exactly p  1 components
of C.
There is another special case where the covering number can be
determined exactly, namely that of maximal subgroups of a p-group. Note
that the corresponding packing number is equal to 1, unless d 2 and
Ž 2 .G EA p in which case it equals the covering number.
PROPOSITION 2.5. Let G be any group of order pd, where p is a prime.
Ž d1. d1Then  G, p  p 1, and eery p -coer of G of size p 1 consists
of the p 1 subgroups passing through some subgroup of size pd2 of G.
d1 Ž .Moreoer, eery p -coer of G containing less than 3 p 1 2 groups
contains an irredundant pd1-coer of size p 1 of G.
Proof. Trivially, one needs at least p 1 groups of order pd1 to
Ž .cover G. Now let  G be the Frattini subgroup of G, and put H
Ž .G G . Then H is an elementary abelian group and can therefore be
covered by p 1 maximal subgroups, according to Result 2.4. We now use
the natural epimorphism GH to lift these subgroups to a collection of
p 1 maximal subgroups of G; this gives the desired cover of G.
Ž . d Ž N1.  Let  G have size p . Then the results of 6, 10 show that every
N Ž .p -cover of H of size less than 3 p 1 2 contains p 1 groups passing
through the same subgroup of size p N1 of H. So, also the corresponding
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groups of the pd1-cover of G contain a common subgroup of size pd2
and are sufficient to cover G.
In the remainder of this paper, we will present a more detailed study of
s-covers and s-packings of arbitrary finite groups and obtain bounds on the
size of these objects. The most interesting results will be obtained if we
restrict attention to nilpotent or even abelian groups. Our results will be
similar in spirit to those obtained previously for partial congruence parti-
tions and congruence covers. Indeed, our main objective is the characteri-
zation of the elementary abelian groups by the existence of large packings
or small covers, respectively. Hence large packings and small covers can
again be thought of as geometric objects: they correspond to large partial
Ž .t-spreads and small t-covers of a suitable projective space PG d, p for
some prime p. We shall also exhibit some series of examples which show
that our bounds are reasonable.
3. PACKING GROUPS BY SUBGROUPS
For a group of order  , with s a divisor of  , it is trivial that
Ž . Ž . Ž . G, s    1  s 1 , with equality if and only if G can be parti-
tioned into subgroups of order s. The question is now whether this upper
 bound is attained. Schulz 26, Satz 2 proved that this only can occur for
p-groups G, for some prime p.
  nNow let G be a p-group of exponent p, say G  p . Then we have the
Ž n . Ž .trivial p-packing with all p  1  p 1 subgroups of order p of G. As
the possibilities for G are not classified, we cannot expect a general result
about the existence of further partitions of G into subgroups of size s. In
the elementary abelian case, Result 2.4 shows that an elementary abelian
group G of order pn, with p prime, can be partitioned into subgroups of
order s if and only if s pm for some divisor m of n.
For elementary abelian groups G of order pn, where p is prime, the
known lower and upper bounds on the sizes of pm-packings, with m not
 dividing n, are given in the next theorem. The lower bounds are from 4 ;
 the upper bounds from 12, 14 .
THEOREM 3.1. Let t, k	 1 and 0 r t.
Ž . Ž kŽ t1.r . t1   rŽ kŽ t1.a In EA p , there is a p -packing S with S  p p
. Ž t1 . r 1  p  1  p  1.
Ž . t1 Ž kŽ t1.r .b Let S be a p -packing in EA p , where 0 r t, and
pk Ž t1. 1r r  Ž .put S  p   s. Then s 	 p  1 and s  p  1 2 t1p  1
p2 rt15.
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For abelian groups which are not elementary abelian, we can prove
considerably stronger bounds than the trivial combinatorial one.
THEOREM 3.2. Let G be an abelian p-group of order   pd, and let
t d be a positie integer. If G is not elementary abelian, one has
 G , pt  pd t1 p2 p 1. 2Ž .Ž .
 4 tProof. Let S S , . . . , S be a p -packing of G. We will make use of1 r
ˆ ˆthe character group G of G. Recall that GG and that the annihilator
 ˆ of a subgroup S of G is defined as the subgroup S  G  is trivial
ˆ    4   Ž .on S of G. Then S has order G : S , and S
 T  S T holds for
 any two subgroups S and T of G; see, for instance, Huppert 18 . Since
any two subgroups of a packing are disjoint, taking annihilators transforms
ˆ ˆ d tS into a collection S of subgroups of G of order p satisfying the
  ˆcondition S T G, for distinct S, TG. In the terminology intro-
ˆ duced by the first author in 19 , this means that S is a generalized PCP
ˆ ˆover G with parameter d t. As G is not elementary abelian, we can
ˆ d t1 2     apply Theorem 4.10 of 19 and conclude S  S  p  p 
p 1.
Remark 3.3. Theorem 3.1 shows that an elementary abelian group of
order pd has pt-packings of size approximately pd t, while the preceding
result shows that the other abelian groups have pt-packings of size at most
pd t1 p2 p 1. Hence, elementary abelian groups can be char-
acterized within the abelian groups as abelian groups having large pack-
ings.
The authors strongly suspect that Theorem 3.2 remains valid for arbi-
trary p-groups; unfortunately, we could not find a proof for this assertion.
We now provide a second bound which takes into account the structure of
the given abelian p-group G.
THEOREM 3.4. Let G be an abelian p-group of order   pd, rank N, and
exponent pe. Moreoer let t d be a positie integer. Assume that the type of
Ž d1 d N .G is p , . . . , p , where d 	  	 d and d  d  d. Let  be1 N 1 N
 	the smallest index for which d  d 	 t. Let  te . Then1 
p N  1 p N  1
t G , p min , . 3Ž .Ž .  ½ 5p  1 p  1
Proof. Note that the elements of order p in G form an elementary
N  4 tabelian subgroup H of order p . Now let S S , . . . , S be a p -packing1 r
of G. As each S contains elements of order p, the groups U  S 
Hi i i
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are pairwise disjoint non-trivial subgroups of H. It is well known that any
Ž t1 tM .subgroup of G has to have invariants of the form p , . . . , p , where
 MN and t  d for i 1, . . . , M; see, e.g., Hall 16, Theorem 3.3.3 .i i
Hence each S has rank at least  , and therefore each U has order ati i
least p. Now the assertion follows by a trivial counting argument. The
Ž N . Ž  .upper bound p  1  p  1 is obtained by using the same argu-
ments.
In general, one may expect Theorem 3.4 to give a stronger bound than
the one provided by Theorem 3.2. Nevertheless, it is not difficult to find
counterexamples to this rule of thumb. Also, Theorem 3.2 has the advan-
tage of only depending on the parameters involved, which will be useful
Ž .when we apply our results on packings to covers Theorem 4.1 .
Next we provide a general bound for the class of nilpotent groups; in
conjunction with Theorems 3.2 and 3.4, this bound is particularly strong if
all Sylow subgroups of G are abelian but not elementary abelian.
THEOREM 3.5. Let G be a nilpotent group of order  and s a diisor of  .
Write   q  q and s s  s , where q and s are powers of pairwise1 n 1 n i i
distinct primes p . Then, with P the Sylow p -subgroup of G,i i i
q  1i
 G , s min  P , s s  1 min s  1 . 4 4Ž . Ž . Ž .i i i i½ 5s  1i
Proof. As G is nilpotent, it is the direct product of its Sylow subgroups
 4P , . . . , P . Now let S S , . . . , S be an s-packing of G. For a given i1 n 1 r
and j, S  P 
 S is the Sylow p -subgroup of S and hence a subgroupi, j i j i j
 4of order s of P . Moreover, S  S , . . . , S is an s -packing of P . Thisi i i i, 1 i, r i i
proves the assertion.
In Section 5, we shall construct some series of packings which show that
the preceding bounds are reasonable.
4. GENERAL LOWER BOUNDS FOR SUBGROUP COVERS
Let G be a group of order  , and let C be an s-cover of G. Given any
gG with g 1, the multiplicity 	 of g is defined as the number ofg
components of C containing g. Moreover, 
  	  1 is called theg g
Ž .surplus of g, and the quantity 
 C Ý 
 is the total surplusgG14 g
of C.
  dWe study p-groups. Let G be a group of order G  p , p prime, and
write d at b, where 1 b t. Then, since a pt-cover must have size
Ž   . Ž t . Ž t. bŽ Ža1. t 2 tat least G  1  p  1 , trivially,  G, p 	 p p  p 
t .p  1  1.
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By Result 2.4, the preceding lower bound holds with equality when G is
elementary abelian. Hence we define the excess of a pt-cover C of any
d Ž .   Ž Ž d . t.p-group of size p as the quantity e C  C   EA p , p . For such
t Ž .a p -cover C of G having excess e, the total surplus is equal to 
 C 
Ž Ž . Ž Ž d . t..Ž t .   Ž t b. Ž t .e C   EA p , p p  1  G  p  p  e p  1 .
From now on, we have to assume t 1; note that this is no real
restriction, as otherwise, by Proposition 2.1, G has to be elementary
abelian.
Ž .Assume 
 C  0. We then select any element gG with positive
surplus and remove some component U of C containing g, so that the
 4surplus of g is reduced by 1 in the resulting collection C C  U of
t ² :subgroups of order p . Note that every element h 1 in the subgroup g
generated by g also has positive surplus 
 	 
 in C , and that its surplush g
² :has likewise been reduced by 1 in C . As g has order at least p, the
Ž . Ž . Ž .total surplus of C  satisfies 
 C   
 C  p 1 . By continuing in
this way, we will eventually reduce the surplus of every gG to zero and
Ž .hence produce a packing in G; in view of the value 
 C counted above,
Ž t b Ž t .. Ž .this process requires removing at most p  p  e p  1  p 1
  Ž t b Ž tcomponents of C. Hence we obtain the inequality C  p  p  e p
.. Ž . Ž t. 1  p 1   G, p .
  bŽ Ža1. t 2 t t .Substituting C  p p  p  p  1  e 1 and simplify-
ing gives
e CŽ .
b Ža1. t t t t bp p  p  1  1  G , p p 1  p  pŽ .Ž . Ž . Ž .
	 .t1p p  1Ž .
5Ž .
Ž t. Ž t.Replace  G, p by an exact or some upper bound U G, p and let
Ž . Ž . bŽ Ža1. t t . Ž . Ž t b.f a, b, t  p  1 p p   p  1  p  1  p  p .
Ž . Ž . bŽ Ža1. t t. Ž b1 . Ž t1Then f a, b, t  p 1 p p  p  p  1  p p 
. Ž . Ž t . Ž . bŽ Ža1. t t. Ž t .1 and so f a, b, t  p  p  p 1 p p  p  p  p 
1. Hence we obtain the estimate
p 1 pb pŽa1. t p2 t pt  p 1 U G , ptŽ . Ž .Ž . Ž .
e C   1.Ž . t1p p  1Ž .
6Ž .
Ž t.To apply the preceding formula, we require bounds on  G, p . Unfor-
tunately, we only managed to deal with the case of abelian p-groups in
Section 3; hence we will now likewise only obtain results for the abelian
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case. We first use the bound on packings provided by Theorem 3.2, then
the one of Theorem 3.4.
Ž . dTHEOREM 4.1. a Let G be an abelian group of order p which is not
elementary abelian, and let C be any pt-coer of G. Write d at b, where
1 b t 1, and assume a	 2. Then the excess of C satisfies
e C 	 p 2 pŽa2. tb p 1 pb pŽa3. t pt 1 . 7Ž . Ž . Ž . Ž .Ž .
Ž . db Let G be an abelian p-group of order   p , and assume that the
Ž d1 d N .type of G is p , . . . , p , where d 	  	 d and d  d  d.1 N 1 N
Moreoer, let t d be a positie integer, and let  be the smallest index for
which d  d 	 t. Finally, write d at b, where 1 b t 1,1 
and assume a	 2. Then the excess of any pt-coer C of G satisfies
e C 	 p 1 pb pŽa2. t pt 1  p N2t . 8Ž . Ž . Ž .Ž .
Ž . Ž .Proof. a By 6 and Theorem 3.2, we obtain
p 1 pb pŽa1. t p2 t pt  pŽa1. tb 1Ž . Ž . Ž .
e C   1Ž . t1p p  1Ž .
p 2 pŽa1. tb p 1 pb pŽa2. t p2 t ptŽ . Ž . Ž .
  1.t1p p  1Ž .
We now replace the denominator by the larger value pt and obtain the
Ž .desired bound, as e C is an integer.
Ž . Ž .b By 6 and Theorem 3.4, we have
p 1 pb pŽa1. t p2 t ptŽ . Ž .
e C Ž . t1p p  1Ž .
p 1 p N  1Ž . Ž .
  1.t1 p p  1 p  1Ž .Ž .
To estimate the first term on the right-hand side, we will again replace the
denominator by the larger value pt. Regarding the second term, we note
N t  N2tŽ .Ž . ŽŽ .Ž ..p 1 p  1  p  p p  1  p .
Ž .We note that Theorem 4.1 b tends to be particularly strong for groups
of relatively small rank. Similarly to our remarks in Section 3, one may in
Ž .general expect Theorem 4.1 b to give a stronger bound than the one of
Ž .Theorem 4.1 a . Again, it is not difficult to find counterexamples.
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The preceding approach does not give us anything for a 1, unless
t b; but then we are considering congruence covers, the case already
 dealt with in 22 . Similarly, we do not obtain any restriction for the case
a p 2 from Theorem 4.1. Still, we can prove the following characteri-
zation result which again characterizes the elementary abelian groups
within the class of abelian p-groups as those groups having pt-covers of
small excess.
COROLLARY 4.2. Let G be an abelian group of order pd, and let C be any
pt-coer of G. Write d at b, where 1 b t 1, and assume a	 2
Ž . Ž .and a, p  2, 2 . Then G is elementary abelian, proided that
e C  p 2 pŽa2. tb p 1 pb pŽa3. t pt 1 . 9Ž . Ž . Ž . Ž .Ž .
In Section 6, we will show that the bound of Theorem 4.1 is of the
correct order of magnitude for abelian p-groups if we only consider
parameters and neglect the precise group structure. As already mentioned,
the authors strongly suspect that Theorem 3.2 remains valid for arbitrary
p-groups; of course, this would imply that the preceding results on covers
likewise hold in the non-abelian case.
5. SOME EXAMPLES OF SUBGROUP PACKINGS
In this section, we will provide some constructions for large s-packings.
In some cases, the precise packing numbers have been determined earlier.
 In particular, we have the following result of Bailey and Jungnickel 2
Ž .which determines all numbers  G, s , where G is an abelian group of
order s2. We will only state the case where s is a prime power explicitly;
the general case then follows easily from Theorem 3.5 combined with the
following direct product construction which is an easy generalization of
 previous results 19 .
CONSTRUCTION 5.1. Let G , . . . , G be groups of orders n , . . . , n , re-1 k 1 k
spectiely, and put GG  G . Moreoer, for i 1, . . . , k, let s be1 k i
Ž .a non-triial diisor of n , and put s  s  s . Then  G, s 	i 1 k
 Ž . 4min  G , s i 1, . . . , k .i i
Proof. Denote by r the minimum defined in the assertion, and let
 Ž i. Ž i.4 Ž .S  S , . . . , S be an s -packing of G i 1, . . . , k . Then the groupsi 1 r i i
Ž1. Žk .S   S , j 1, . . . , r, form the desired s-packing of G.j j
Result 5.2. Let G be an abelian group of order s2, where s is a power
Ž .of some prime p, and assume  G, s 	 3. Then G has the form GH
H for a subgroup H of order s. Now assume H m1  m22  p p
m N Ž . m  N , where m  0. Then  G, s  p  1, where mmin m ip N i
41, . . . , N, m  0 .i
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We shall now provide some further cases for which the packing numbers
can be determined exactly. We begin with the following observation.
Ž .LEMMA 5.3 The Lifting Lemma . Let G be an abelian p-group of rank
N, and denote the elementary abelian subgroup of rank N contained in G by
 4H. Moreoer, let U U , . . . , U be some packing of H with non-triial1 k
Ž .subgroups with no further restriction on the orders of the subgroups inoled ,
and assume that each U ‘‘lifts’’ to some subgroup S of G of order pt in thei i
 4 tfollowing sense: one has S 
HU . Then S S , . . . , S is a p -packingi i 1 k
of G. Moreoer, eery pt-packing arises in this way.
Proof. Assume two members of S intersect non-trivially, say S S 
i
 4S  1 . Then S contains an element of order p, and thus the correspond-j
ing groups U and U of U also intersect non-trivially; false.i j
The lifting lemma covers the special case where the subgroups S can bei
constructed from the groups U as pre-images under the canonical epimor-i
phism  : GH. We now exhibit a situation where this is possible.
In the context of a homogeneous p-group G N, a partial t-spread ofq
G is defined to be a qt-packing of G for which each component is
isomorphic to  t . This is the natural generalization of the notion of partialq
Ž . Ž .t 1 -spreads in projective geometry PG N 1, q as explained in the
ŽIntroduction. Note that we here use t for the algebraic dimension of the
subgroups involved, and t 1 for the geometric dimension of subspaces in
.projective space. We may now use the lifting lemma to prove the following
result.
 4THEOREM 5.4. Let U U , . . . , U be a partial t-spread of the elemen-1 k
tary abelian group H N. Then, for any positie integer e, U may be liftedp
 4 Nto a partial t-spread S S , . . . , S of the homogeneous group G  ,1 k q
where q pe. Moreoer, any partial t-spread of G can be obtained in this
way.
 4Proof. Write G and H multiplicatively, and select bases a , . . . , a1 N
 4 p e1and b , . . . , b for G and H in such a way that b  a for i 1, . . . , N.1 N i i
Hence the canonical epimorphism  : GH is just the power map given
by g  g p e1 for all gG. Now let S be any subgroup of G which is
isomorphic to  t ; clearly, S is then a subgroup of order pt of H.q
Conversely, let U be any subgroup of order pt of H, say with basis
 4u , . . . ,u . Select pre-images s of u under  for i 1, . . . , t; then1 t i i
 4 ts , . . . , s is a basis for a subgroup S  of G. In this way, the1 t q
pre-images of the groups of a pt-packing of N form a partial t-spreadp
Nof  .q
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Ž N . NHence, the maximal size * t, of a partial t-spread in G  ,q q
Ž N t.where q is a power of a prime p, equals the packing number   , p p
Ž N . Ž N .* t, . The known values for * t, , t not dividing N, are given inp p
Theorem 3.1. Let us remark that the notion of partial spreads in homoge-
neous groups, that is, the case of partial 2-spreads in our present terminol-
 ogy, was already considered by the first author 21 ; also, the corresponding
special case of Theorem 5.4 was obtained in this paper by an approach
 using matrices as in the BruckBose description 9 of spreads.
It is conceivable that the use of subgroups of different types might
t Ž N .produce q -packings with more than * t, components. We do notq
know any such examples, and sometimes this phenomenon can be ruled
out. Let us mention the following example.
PROPOSITION 5.5. Let q pe, where p is a prime. Then, for any two
Ž nt t. Ž nt t. Ž nt . Ž t .positie integers n and t,   , q    , p  p  1  p  1 .q p
Ž nt t. Ž nt t. Ž ntProof. By the arguments above,   , q 	   , p  p q p
. Ž t . Ž N . t1  p  1 , since EA p can be partitioned into subgroups of size p .
As nt has rank N nt and exponent q pe, the converse inequalityq
follows from Theorem 3.4.
6. A CONSTRUCTION OF SUBGROUP COVERS WITH
SMALL EXCESS
In this section and the following sections, we will give constructions of
subgroup covers with moderate excess. We will determine the exact
Ž t.cardinality  G, p of a smallest subgroup cover for some special series of
abelian p-groups. As our examples will indicate, solving this problem for
arbitrary nilpotent groups seems to be difficult, even in the special case of
abelian p-groups.
Our examples will demonstrate that the bounds given in Section 4 are
reasonable. We begin with a more general version of a construction of
  Ž .congruence covers presented in 22 . It works for not necessarily abelian
p-groups G with a large elementary abelian factor, that is, with a small
Ž . Ž Ž .Frattini subgroup  G of G. Recall that  G is the smallest normal
Ž .subgroup of G for which G G is elementary abelian; see, e.g., Hall
  .16 . This construction shows that Theorem 4.1 gives the correct order of
 Ž . magnitude for e in the special case where  G  p. The construction we
use generalizes the argument of Proposition 2.5.
THEOREM 6.1. Let G be a group of order pd, where p is a prime. Assume
 Ž .  fthat G is not elementary abelian, say  G  p for some f	 1, where
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Ž .f t, and write d f  t f   , where 1  t f. Then
 G , pt  p  pŽ1.Ž tf . p2Ž tf . pt f 1  1. 10Ž .Ž . Ž .
d fŽ . Ž .Proof. Put GG G , so that G EA p . By Theorem 2.4, G
t f  admits a cover C by subgroups of order p with cardinality C 
Ž Ž1.Ž tf . 2Ž tf . tf .p p  p  p  1  1. One obtains the desired
tp -cover C of G as the preimage of C under the natural epimorphism
from G onto G.
Ž . Ž1.Ž tf .Remark 6.2. Note that the two leading terms in 10 are p
 pŽ2.Ž tf . pd t pd2 tf. Now write d at b, where 1 b t,
as usual. Then the excess bound of Theorem 4.1 shows that the cardinality
t Ž Ž d . t. Ž . Ža2. tb Žof any p -cover of G is at least  EA p , p  p 2 p  p
. bŽ Ža3. t t . Ža1. tb1 p p  p  1 . Here the two leading terms are p 
pŽa2. tb1 pd t pd2 t1. Hence our bound on e indeed has the
correct order of magnitude in the special case where f 1. The precise
Ž t. t  Ž . values of  G, p for p -covers of an abelian p-group G, with  G  p,
are calculated in Corollary 7.6.
7. COVERS OF A FIRST CLASS OF ABELIAN p-GROUPS
Ž N .dRemark 7.1. We will cover the group G C  EA p , d	 2, byp
subgroups of order ptd. The description we will give for small ptd-covers
Ž N1.of G is based on a construction of covers, of minimal size, of EA p
  Ž N1. Ž5 . We start by describing this construction. Since EA p  V N
. t1 Ž .1, p , we call a subgroup of size p also a t 1 -dimensional subspace
Ž N1.of EA p . The two main steps are as follows:
Ž . Ž . Ž s t2 .a Let U be an s 1 -dimensional subspace of P EA p ,
Ž .where s	 t. Then there is a set S of t 1 -dimensional subspaces of P
not intersecting U such that every vector of P U is contained in exactly
one element of S .
Ž 2 s2 . s1Namely, embed P into P EA p and let S  be a p -packing
s1  4of size p  1 of P which contains U. Each element of S   U
Ž .intersects P into a t 1 -dimensional subspace. The set of these inter-
sections is the set S we are looking for.
Ž . t1 Ž kŽ t1.r1.b To construct a p -cover S in P EA p , with
r1Ž kŽ t1. . Ž t1t, k	 1, 0 r t, of the smallest possible size p p  1  p
. 1  1, we proceed by induction on k. Consider first of all the case
Ž .k 1. Let U be a t r -dimensional subspace of P and let S be a set
Ž . r1of t 1 -dimensional subspaces containing U which form a p -packing
of size pr1 1 in the quotient group PU, of dimension 2 r 2. This set
is a pt1-cover of the correct cardinality.
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t1 Ž .To obtain the p -cover for general k, step a above guarantees
t1 Ž k Ž t1. r1.the existence of an ‘‘exact’’ p -cover of EA p 
Ž Žk1.Ž t1.r1. t1 Ž Žk1.Ž t1.r1.EA p . Adding to this a p -cover of EA p ,
t1 Ž kŽ t1.r1.the desired p -cover of EA p is obtained.
Remark 7.2. A particular property of the pt1-covers constructed in
the preceding remark is that there is exactly one subspace U of dimension
t r such that every vector of P U is contained in exactly one element
of S , whereas every vector of U is contained in exactly pr1 1 elements
of S .
 In 13 , Eisfeld proved that the preceding property is valid for every
t1 Ž kŽ t1.r1. r1Ž kŽ t1.p -cover of EA p , k, t	 1, 0 r t, of size p p 
. Ž t1 .1  p  1  1.
td Ž N .dWe will construct small p -covers of C  EA p based on thep
construction above and will present in Theorems 7.4 and 7.5 results,
  td Ž N .dsimilar to Eisfeld’s result 13 , for p -covers of C  EA p of mini-p
mal size.
7.1. Construction of the ptd-Coer
Ž N .dConsider the group G C  EA p . We will cover this group byp
td Ž .  Ž . d14subgroups of order p . Let H g , 0, . . . , 0 G order g  p .0 0
Ž N1. Ž . Ž .4Let GH V EA p  x , . . . , x x , . . . , x GF p .0 N 0 N
We will first cover the elements of order pd, then the non-covered
elements of order pd1, etc. Using the construction of the preceding
paragraph, it is possible to describe precisely the non-covered elements in
the inductive procedure of the construction and to obtain an optimal
ptd-cover.
We then will focus in the next subsection on a possible change that can
be made to this construction. This is then followed by Lemma 7.3, in which
we show that only these two constructions can occur.
In the first step, we will cover the elements of order pd. The group G
has p Nd  p Nd1 elements of order pd. To cover these elements, at
least p N t subgroups of order ptd are necessary.
To construct these groups, consider a pt1-cover of the elementary
Ž N1 kŽ t1.r1.abelian group GH V EA p  p , as constructed in
Remark 7.1. Construct the pt1-cover in such a way that the subspace
Ž N1Ž t1.. Ž Žk1.Ž t1.r1.EA p  EA p , of the inductive argument, lies in
the hyperplane X  0 of this elementary abelian group V. By using the0
Ž N1.subgroup H, lift the subgroups which form the exact cover of EA p 
Ž N t. td dEA p to subgroups of G of order p . Then the elements of order p
are covered exactly once.
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The elements of G, of order at most pd1, not yet covered by the
previously constructed subgroups lie in the group generated by H and by
Ž Žk1.Ž t1.r1.the subgroup EA p of V. Hence, they define a group
Ž2. Ž N t. Ž Žk1.Ž t1.r1.d 1G  C  EA p since this subgroup EA p of Vp
lies in the hyperplane X  0 of V.0
We now repeat the above construction to cover the elements of order
pd1 of this group. This is realized by p N tŽ t1. subgroups, leaving a
Ž3. Ž N tŽ t1..d 2third subgroup G  C  EA p of elements which still arep
not covered. So, we repeat the construction a third time.
After step i of this method, we have covered all the elements of G of
order bigger than pd i by using Ýi p N jtjŽ j1.2 subgroups, leaving aj1
subgroup GŽ i1. of uncovered elements of G isomorphic to G d i p
Ž N Ž i1.. Ž i1. i1 Ž . Ž .EA p where N NÝ j t N it i i 1 2.j0
This method stops of course at a certain step. There are two possibili-
ties:
Ž . Žd .a After step i d 1, G is an elementary abelian group
Ž N Žd .1 .EA p of G. There are again two possibilities.
Ž .  Žd .  tda.1 If G  p , then the problem reduces to finding the
td Ž N Žd .1 .smallest p -covers of EA p . This was discussed in Remarks 7.1
and 7.2.
Ž .  Žd .  td tda.2 If G  p , then we use one group of order p con-
taining GŽd ..
Ž . Ž i1. Ž N Ž i1..d ib After step i, G is isomorphic to C  EA p , withp
d i 1 and with t i	N Ž i1.. Again we put GŽ i1. into one subgroup
of order ptd.
7.2. Other Possibilities for ptd-Coers
Ž .Suppose we are in Possibility a.1 of the end of the preceding section.
Ž N Žd .1 .So, the elementary abelian subgroup EA p of G is covered by
subgroups of order of ptd. To do this, it is necessary to use
r Žd .1 Ž k Žd .Ž td . . Ž td . Žd . Žd .Žp p  1  p  1  1 subgroups, where N  k d
. Žd . Žd . Žd .t  r , 0 r  t d 1, k 	 1.
td Ž N Žd .1 . td r Žd .1The surplus of this latter p -cover of EA p is p  p .
If one considers the construction of the ptd-cover of Section 7.1, this
construction is covering the elements of order at least p2 optimally in the
following sense. The subgroups containing elements of order bigger than p
are always disjoint outside the subgroup H of G; two subgroups of type
Ž t i1. Ž t j1.d Ž i1. d Ž j1.C  EA p and C  EA p used in the construc-p p
tion of that ptd-cover only share the subgroup of elements
Ž . Ž . k4  4g , 0, . . . , 0 order g  p , where kmin d i, d j , which is in0 0
fact the smallest possible intersection for such subgroups of G.
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Now, taking this into consideration, there could be still another possibil-
ity for constructing a ptd-cover of G. We explain it by using the
calculations of Section 7.1. If in the last step of the preceding construction,
one elementary abelian group less had been used, then there would have
been pr
Žd .1  1 non-covered elements, also called holes, of order p. If all
of these holes could be put into one subgroup of order pd t containing
elements of order bigger than p, another type of ptd-cover of G would
be obtained.
Ž . N jtjŽ j1.2Hence, it is numerically possible to cover G by using: a p
Ž t j1. Ž .d Ž j1.subgroups of type C  EA p , 1  j  d  1, j  i, bp
N i tiŽ i1.2 Ž t i1. Ž .d Ž i1.p  1 subgroups of type C  EA p , and finally cp
r Žd .1 Ž k Žd .Ž td . . Ž td .p p  1  p  1 elementary abelian subgroups.
The following lemma shows that, from the point of view of the numbers
of different types of groups, no other possibilities can occur.
Žd . Ž . Ž .Ž .LEMMA 7.3. Let d t N  N d 1 t d 2 d 1 2.
Žd . Žd .Ž . Žd . Žd . Žd .Let N  k d t  r , 0 r  t d 1, k 	 1, and let p 2.
td Ž N .dThen the smallest p -coers of G C  EA p hae either:p
Ž . N i tiŽ i1.2 Ž t i1.d Ž i1.1 p subgroups of type C  EA p , 1 ip
r Žd .1 Ž k Žd .Ž td . . Ž td .d 1, and p p  1  p  1  1 elementary abelian sub-
groups, or
Ž . Ž . N jtjŽ j1.2 Ž t j1.d Ž j1.2 a p subgroups of type C  EA p , 1 jp
Ž . N i tiŽ i1.2 d Ž i1. d 1, j  i, b p  1 subgroups of type C p
Ž t i1. Ž . r Žd .1 Ž k Žd .Ž td .EA p , for a fixed alue i with 1 i d 1, and c p p
. Ž td . 1  p  1 elementary abelian subgroups.
Proof. Suppose that ptd-cover has p N i tiŽ i1.2  subgroups ofi
Ž t i1. r Žd .1 Ž k Žd .Ž td .d Ž i1.type C  EA p , 1  i  d  1, and p p p
. Ž td .1  p  1  1  elementary abelian subgroups, where the totald
d1 Ni tiŽ i1.2 r Žd .1 Ž k Žd .Ž td .number of used groups is equal to Ý p  p pi1
. Ž td . d 1  p  1  1, so Ý   0.i1 i
We first make the following observation. Assume that there is a value
  0, 1 i d 1. Then consider the smallest value i for which   0.i i
Ž t i1. td td1d i1A group of type C  EA p has exactly p  p elementsp
d i1 Ž t j1.d j1of order p . A group of type C  EA p , j i, has at mostp
ptd1 ptd2 elements of order pd i1. Hence, to cover ptd  ptd1
d i1 Ž t j1.d j1elements of order p , at least p such groups C  EA p ,p
i1  j i, are needed. So this implies that Ý  	 p  . And this argumentj1 j i
d1 d1 Žcan be continued for all   0, 1 i d. So Ý  	Ý pi j1 j j1,   0j
.  1  .j
This already shows that it is impossible that   0. For then somed
  0, 1 i d, and then the preceding argument shows that Ýd   0.i i1 i
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r Žd .1 Ž k Žd .Ž td . . Ž td .If exactly p p  1  p  1  1 elementary abelian sub-
groups are used in the ptd-cover, then Ýd1  0. The arguments ofi1 i
Section 7.1 and the observations made in the preceding paragraph show
N i tiŽ i1.2 Ž t i1.d i1that exactly p subgroups of type C  EA p need top
be used in the cover since if there is at least one value  , 1 i d 1,i
d1 d1 Ž .  negative, then Ý  	Ý p 1   0, which is false. So we arej1 j j1,   0 jj
Ž .in case a.1 .
r Žd .1 Ž k Žd .Ž td . . Ž td .If exactly p p  1  p  1 elementary abelian sub-
groups of order ptd are used in the ptd-cover, then using the arguments
of the preceding paragraph, if some value   0, 1 i d, then Ýd1i j1 j
d1 Ž .   d1	Ý p 1  . But since Ý   1, this would imply p 2 andj1,   0 j j1 jj
all   0 except for one value  1. So, this is false; all   0,j i j
1 j d 1, except for one value   1. So this is the situation dis-i
cussed in Section 7.2.
 4We have discussed   0,1 . We now prove that  cannot bed d
smaller.
r Žd .1 Ž k Žd .Ž td . . Ž td .For, when using p p  1  p  1 elementary abelian
Ž N1. Ž tdsubgroups to cover the elements of EA p , there are at least p 
. Ž td r Žd .1 . r Žd .11  p  p  p  1 elements of order p not covered. If we
Ž td .would even use x elementary abelian subgroups less, then x p  1
extra elements of order p are holes. They must be covered by subgroups
containing elements of order at least p2. But such a group contains at
most ptd1 ptd2 elements of order p, so we would need at least px
such subgroups to cover these holes of order p. Since Ýd   0, thei1 i
argument discussing the case  1 shows that this is impossible.d
As mentioned just before Section 7.1, we now present for the smallest
td Ž N .  dsize p -covers of C  EA p theorems similar to that of Eisfeld 13p
t1 Ž N1.for the p -covers of minimal size of EA p . We concentrate in these
theorems on the elements of order p having positive surplus. Since the
Ž d1 .element g p , 0, . . . , 0 trivially lies in all subgroups containing ele-
ments of order bigger than p, we do not consider, nor count, the inci-
dences of g in these groups as positive surplus.
Žd . Ž . Ž .Ž .THEOREM 7.4. Let d tN N d 1 t d 2 d 1 2.
Žd . Žd .Ž . Žd . Žd . Žd .Let N  k d t  r , 0 r  t d 1, k 	 1.
d t Ž N . N i tiŽ i1.2dLet C be a p -coer of G C  EA p using p sub-p
Ž t i1. r Žd .1 Ž k Žd .Ž td .d Ž i1.groups of type C  EA p , 1 i d 1, and p pp
. Ž td . Ž . 1  p  1  1 elementary abelian subgroups. Let H g , 0, . . . , 00
4 Ž d1 .G and let g p , 0, . . . , 0 .
The elements of order p, not belonging to H, which are coered more than
once, form either:
Ž . Ž tdr Žd .1 . r Žd .11 a subgroup EA p whose points all hae surplus p ,
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or
Ž .2 a union of two-dimensional ector spaces through g, where g and its
multiples hae surplus pr Žd .1 . Moreoer, on a two-dimensional ector space
through g, all the ectors not belonging to H hae the same surplus.
Proof. We will do all the calculations in the elementary abelian sub-
Ž N1. d Ž i1.group EA p of G. The subgroups of the cover of type C p
Ž t i1.EA p , 1 i d 1, intersect the elementary abelian subgroup
Ž N1. t1 dt1EA p of G in subgroups of respective orders p , . . . , p . These
subgroups contain all the elements of H of order p.
r Žd .1 Ž k Žd .Ž td . . Ž td .These groups and the p p  1  p  1  1 elementary
abelian subgroups in the ptd-cover give a total surplus ptd  pr Žd .1
Ž .Section 7.2 . We now characterize the points with positive surplus.
Ž N1.Consider a vector space  of dimension N of EA p not containing
Ž .elements g , 0, . . . , 0 of order p. The above considered subgroups inter-0
d1 Ni tiŽ i1.2Ž t i1 . N NŽd1. tŽd1.Žd2.2sect  in Ý p p  1  p  pi1
non-zero elements, since they intersect  in vector spaces of respective
dimensions t, . . . , t d 2.
Let pk
Žd .Ž td .r Žd .Ž td1.m be the number of elementary abelian
subgroups of the cover intersecting  in a vector space of dimension
Ž r Žd .1 Ž k Žd .Ž td . . Ž tdt d 1. Then the surplus of  is equal to p p  1  p
. .Ž td . N NŽd1. tŽd1.Žd2.2 Ž k Žd .Ž td .r Žd .Ž td1.1 1 p  1  p  p  p
.Ž td td1. Ž N . td r Žd .1 Ž td td1.m p  p  p  1  p  p m p  p .
As the surplus of  cannot be bigger than the total surplus, we have
m	 0. If m 0, then the surplus of  is equal to ptd  pr Žd .1 . If
m 1, then the surplus of  is equal to ptd1 pr Žd .1 . If m 2, then
the surplus of  would be negative, which is impossible.
Ž td r Žd .1 .Case 1 Some Hyperplane Not through g Has Surplus p  p .
Then all the vectors of order p with positive surplus lie in this hyperplane.
The situation is now completely reduced to the one discussed by Eisfeld
  Ž .13 . This gives Case 1 .
Ž td1Case 2 All the Hyperplanes Not through g Have Surplus p 
r Žd .1 . r Žd .1p . Then g and its multiples have surplus p . For, let x be the
Ž N1total surplus of the vectors which are not a multiple of g ; then p 
N .Ž td1 r Žd .1 . Ž N N1.p p  p  x p  p is the sum of the surplusses in all
the hyperplanes not passing through g. So, x ptd  pr Žd .2 , and so g
Ž td r Žd .1 . Ž td r Žd .2 .and its multiples have surplus p  p  p  p . Since g
and all its multiples have the same surplus, they have surplus pr
Žd .1 .
We now prove that the vectors of order p having positive surplus form a
union of vector planes through g.
For, consider a vector  of order p with surplus zero. From the total
td r Žd .1 Ž N1.surplus p  p of the vectors in EA p , it follows that there
JUNGNICKEL AND STORME210
exists a vector plane  through  not containing any vector with positive
surplus.
Ž N1. ² :We now count the surplus of EA p  g,  . Suppose this is equal
Ž td1 r Žd .1 .Ž N1 N2 . Ž N2 N3.to x. Then p  p p  p  x p  p is the
total surplus of all the hyperplanes through  which do not contain g. So,
x ptd  pr Žd .2 and this is the total surplus of the vectors which are not
a multiple of g. Hence, the multiples of g are the only vectors with
² :positive surplus in g,  .
The preceding arguments show that the points with positive surplus
must form a union of vector planes through g. Finally, let  be a vector
plane through g completely consisting of vectors with positive surplus. Let
 be a vector of  which is not a multiple of g. Let x be the total surplus
of the vectors not belonging to . Consider all p N  p N1 hyperplanes
through  , but not passing through g. Count the total surplus in all these
Ž N N1.Ž td1 r Žd .1 . Ž Nhyperplanes. This is equal to p  p p  p  p 
N1.Ž . Ž N1 N2 .p p 1 k p  p x, with k equal to the surplus of  . This
shows that all these vectors   H have the same surplus k.
Žd . Ž . Ž .Ž .THEOREM 7.5. Let d tN N d 1 t d 2 d 1 2.
Žd . Žd .Ž . Žd . Žd . Žd .Let N  k d t  r , 0 r  t d 1, k 	 1. Let g
Ž d1 . Ž . 4p , 0, . . . , 0 and H g , 0, . . . , 0 G .0
d t Ž N . Ž . N jtjŽ j1.2dLet C be a p -coer of G C  EA p using: 1 pp
Ž t j1. Ž .d Ž j1.subgroups of type C  EA p , 1  j  d  1, j  i, 2p
N i t iŽ i1.2 Ž t i1.d Ž i 1.p  1 subgroups of type C  EA p , andp
r Žd .1 Ž k Žd .Ž td . . Ž td .p p  1  p  1 elementary abelian subgroups.
The elements of order p, not belonging to H, which are coered more than
once, form a union of two-dimensional ector spaces through g, where a
multiple of g has surplus pr
Žd .1 . Moreoer, on a two-dimensional ector space
through g, all the ectors different from the multiples of g hae the same
surplus.
Proof. An argument similar to that of the preceding proof shows that
the total surplus of the elements of order p is equal to pt1 pr Žd .1 . It
Ž N1.also shows that the surplus of a hyperplane of EA p , not passing
through g, is equal to pt i1 pr Žd .1 ; so every multiple of g has surplus
pr
Žd .1 . We now proceed as in the preceding proof to obtain the similar
conclusion.
Ž d2 .2COROLLARY 7.6. Let G C  EA p . Let 2 t d. Then thep
Ž t.coering numbers  G, p are:
Ž . Ž t. d t1  G, p  p  1 for t 1 d 2 t 1,
Ž . Ž t. d t r Ž2.Ž k Ž2. t . Ž t .2  G, p  1 p  p p  1  p  1 when d	 2 t,
Ž Ž2. . Ž2. Ž2.with d k  1 t r  1, 1 r  t.
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Ž . d t d2 t1In Corollary 7.6 2 , the highest degree terms are p  p . This
Ž .shows that the excess bound e C of Remark 6.2 is of the correct
 Ž . magnitude when  G  p.
8. COVERS OF A SECOND CLASS OF ABELIAN
p-GROUPS
We now determine the exact value, or upper bounds, for the covering
r i Ž .N Žr rdnumber of p -covers of the group G C  C , where d rp p
.1 2, 0 i r 2 d 1.
Ž .N1rWe first discuss the case G C . In this group, every element is ap
multiple of an element of order pr; so to cover the elements of this group,
it is sufficient to cover the elements of order pr.
Ž .N1 Ž r i. Ž r1.NiŽ N1rTHEOREM 8.1. For G  C ,  G, p  p p p
. Ž .1  p 1 , for 0 i r 1.
Proof. To cover the elements of order pr, we will use subgroups of type
C r  C i. A subgroup of G of order pr i containing elements of order prp p
has exactly pr i pr i1 elements of order pr. So, to cover G, we need at
Ž r Ž N1. Ž r1.Ž N1.. Ž r i ri1.least p  p  p  p subgroups.
Ž r i . iConsider the element p , 0, . . . , 0 of order p . Together with an
Ž .element x , x , . . . , x of G, where at least one of the elements x , . . . , x0 1 N 1 N
has order pr, this element generates a unique subgroup of type C r  C i.p p
r Ž N1. rNŽ r1. Ž .There are p  p such elements x , x , . . . , x ; so we have0 1 N
r Ž N1.NŽ N . Ž r i1Ž .. rNNi1Ž N . Žused p p  1  p p 1  p p  1  p
.1 subgroups.
Ž . rThe elements g x , x , . . . , x of G, of order p , with x , . . . , x0 1 N 1 N
having at most order pr1, still need to be covered. They are covered by
Ž r i .adding the subgroups generated by g and the element 0, p , 0, . . . , 0 to
Ž r r1. NŽ r1. Ž r i1Ž .. NŽ r1. ithe cover. Here, p  p p  p p 1  p sub-
groups are needed.
rNNi1Ž N . Ž . NŽ r1. i NŽ r1. iŽ N1So, in total p p  1  p 1  p  p p
. Ž . r i 1  p 1 subgroups are used to construct the p -cover. This num-
ber is equal to the lower bound above.
Ž .N Ž .r rdTHEOREM 8.2. The group G C  C , d r 1 2, can bep p
Ž r1.Ndi1Ž N . Ž . Ž r1.Ndicoered by p p  1  p 1  p subgroups of or-
der pr i, 0 i r 2 d 1.
Proof. First we cover all the elements of order pr by using groups of
²Ž rdi.:r i itype C  C where C  0, . . . , 0, p .p p p
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r rdi² : ²Ž .:  4For an element x of order p , x 
 0, . . . , 0, p  0 , so no
element of order pr belongs to two such subgroups. So we can partition
r Ž rNrdthe elements of order p in these groups. To do this, we need p 
Ž r1.Nrd . Ž ri ri1. Ž r1.Ndi1Ž N . Ž .p  p  p  p p  1  p  1 such
groups.
All the elements which are a multiple of an element of order pr now are
covered. The elements which are not a multiple of an element of order pr
Ž . rdare a multiple of an element a , . . . , a , a , where a has order p ,0 N1 N N
and where a , . . . , a have at most order pr1.0 N1
We will successively deal with the elements of this type, of order
pr1, . . . , prd. We will first cover these elements having order pr1.
Ž r1.NŽ rd rd1. Ž r2 .NŽ rd rd1.There are p p  p  p p  p 
Ž r2.NŽ rd rd1.Ž N .p p  p p  1 such elements. We cover them by groups
²Ž .: Ž .r1 i1 r1of type C  C , where C  a , . . . , a , a , with order ap p p 0 N1 N N
rd ²Ž rdi1.:i1 p and where C  0, . . . , 0, p .p




 . Ž 
 . rd Ž r2.NŽ rda , . . . , a , a , where order a  p . So, exactly p p 0 N1 N N
rd1.Ž N . Ž r i ri1. Ž r2.NidŽ N .p p  1  p  p  p p  1 subgroups are
needed.
The elements which still are not covered are the multiples of the
Ž .elements a , . . . , a , a , where a , . . . , a have maximally order0 N1 N 0 N1
r2 Ž . rdp , and where order a  p . We now proceed by induction. WeN
Ž .present the argument to cover the elements of type a , . . . , a , a ,0 N1 N
where the maximum of the orders of a , . . . , a is pr l, 1 l d, and0 N1
Ž . rdwhere order a  p .N
We will cover these elements by groups of type C r l  C i l , wherep p
Ž .r lC is generated by an element a , . . . , a , a , described in thep 0 N1 N
²Ž rdil.:i lpreceding paragraph, and where C  0, . . . , 0, p .p
r l Ž 
 
 
 .All the elements of order p in these groups of type a , . . . , a , a ,0 N1 N
Ž 
 . rd Ž rl .NŽ rd rd1.with order a  p . So here we need to cover p p  pN
Ž r l1.NŽ rd rd1. Ž rl1.NŽ rd p p  p such elements. So we need p p
rd1.Ž N . Ž r i r i1. Ž r l1. Nd iŽ N . p p  1  p  p  p p  1 such
groups.
Ž .In the last step, we need to cover the elements a , . . . , a , a of0 N1 N
Ž .N1 Ž . rdrdC , with order a  p . Here we do this by using groups ofp N
²Ž r2 di .:id rd id rdtype C  C where C  p , 0, . . . , 0 and where C isp p p p
Ž . Ž . rdgenerated by an element a , . . . , a , a , where order a  p .0 N1 N N
Ž rdThis gives a partition of these elements. We need p 
rd1. Ž rd .N Ž r i ri1. Ž rd .Ndip p  p  p  p such groups.
Ž r 1 . N d i 1 Ž N . Ž .So we have used p p  1  p  1 
d1 Ž rl1.NdiŽ N . Ž rd .Ndi Ž r1.Ndi1Ž N .Ý p p  1  p  p p  1 l1
Ž r1.NdiŽ .p 1  p groups.
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9. CONCLUSION
In this paper, we have characterised the elementary abelian groups
among the abelian p-groups by the existence of small subgroup covers and
large subgroup packings, respectively. In other words, sufficiently small
subgroup covers or sufficiently large subgroup packings are necessarily
geometric. We have also demonstrated that our bounds are reasonable,
even though their quality is inferior to those obtained for the special case
 of congruence covers in 22 . Our results suggest some questions. In
particular:
Ž . Ž1 Does the bound of Theorem 3.2 and hence also that of Theorem
.4.1 carry over to non-abelian p-groups? What can be said about arbitrary
Ž .or at least nilpotent groups?
Ž . Ž t.2 Let G be a p-group. Our examples indicate that  G, p should
depend on the exponent of G and on the order of the Frattini subgroup
Ž . G . Is the construction given in Theorem 6.1 essentially best possible?
Ž . Ž t.3 What is the precise value of  G, p for abelian p-groups G?
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